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All questions may be attempted, but only marks obtained on the best four solutions will

count.

The use of an electronic calculator is not permitted in this examination.

1. (a) Define the set of formulae, C, in the general first order predicate language.

(b) Define the weight of a string.

(c) Prove that, if a is a formula, then no proper initial segment of a is a formula.

(You may assume that any formula has weight —1).

(d) Consider the following strings, where x, y are variables, P is a unary predicate,

and Q is a binary predicate:

(i) ->Py^i>VxPxQxy

(ii) V.-c => PxVyQxy

For each string above, determine whether or not it is a formula, justifying your

answer.

2. (a) Give the definition of a valuation on the set of propositions, Cq.

(b) Define what it means to say that a proposition is a tautology.

(c) Use the semantic tableaux method to determine whether or not each of the

following propositions is a tautology (where a, /?, 7 are assumed to be distinct

primitive propositions). If a proposition is not a tautology, describe a valuation

for which it fails to be true.

(i) (-(a =>N?))) =► (a =>/?)

(ii) (aV(/3A 7)) =» ((a =4- /?) =*■ 7)

(iii) (a =► (jS => 7)) =» (p =» (a => 7))
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3. (a) Define what it means to have a proof of a proposition a from a set of proposi

tions 5, giving also the set of axioms and the rule of deduction.

(b) State the Deduction Theorem for propositional logic.

(c) Use the Deduction Theorem to show the following:

h (-.(a=*H?)))=»£

(d) (i) State what it means for a set S of propositions to be consistent.

(ii) Prove that, if 5 is a consistent set of propositions and a is any proposition,

then at least one of S U {a} or 5 U {->a} is consistent.

4. (a) Define an £(II,f2)-structure, where II is a given set of predicate symbols and

Jl is a given set of functional symbols, with assigned arities.

(b) Describe a theory in a suitably defined first order predicate language C(Tl,£l),

such that a structure U is a (normal) model of the theory if and only if U is a

graph.

(c) In each case below, by extending, where necessary, the sets of predicate sym

bols, functional symbols and sentences used in the theory described in part(b),

write down a theory that has as (normal) models precisely:

(i) all graphs in which no pair of vertices is connected by an edge,

(ii) all graphs consisting of at most 3 vertices.

(d) State and prove the Upper Lowenheim-Skolem Theorem for first order predi

cate logic.

(For 5 a set of sentences in a first order predicate language, you may assume

that, if every finite subset of S has a model, then so does S.)

5. (a) Define the notion of a register machine, giving also a description of what a

program is and of the types of instructions associated to the states of a program.

(b) State what it means for a function / : N§ —>■ No to be computable.

(c) Show that the following functions are computable:

(i) / : No -> No, /(m) = m + 5

(ii) /:N0->N0> /(m) == 5

(iii) / : Ng -> No, f{m,n) = 5n + 1
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